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Macroscopic thermal profile of heterogeneous cancerous breasts. A
three-dimensional multiscale analysis
Abstract
The present work focuses on the multiscale analysis of temperature maps for cancerous breasts. A
three-dimensional model is proposed based on a system of bioheat transfer equations for the healthy
and cancerous breast regions, which are characterized by different microstructure and thermophysical
properties. The geometrical model of the cancerous breast is identified by the presence of muscle,
glandular and fat tissues, as well as the heterogeneous tumor tissue. The latter is assumed to be
a two-phase periodic composite with a spherical inclusion. A cubic lattice distribution is chosen,
wherein the constituents exhibit isotropic thermal conductivity behavior. The tissue effective thermal
conductivities are computed by means of the asymptotic homogenization approach, i.e. by solving
relevant periodic problems on the cell which is representative of the malignant tissue microstructure.
These are then exploited to solve the macroscale homogenized model by finite elements. The obtained
results in terms of temperature maps are successfully compared with relevant experiments and could
pave the way towards the development of a robust multiscale mathematical framework featuring
microstructural information which can be useful in cancer diagnosis. This approach could provide
qualitative and quantitative hints that can be used to improve tumor detection based on temperature
maps of the breast tissue.
Keywords: Asymptotic homogenization, Cancerous breast, Bioheat equation
1. Introduction
Cancer is the second leading cause of death worldwide and breast cancer is one of the most
frequently diagnosed. Fibroadenoma is one of the most common types of breast cancer found in
adolescents and it has been found that its presence tends to raise the breast surface temperature in an
abnormal way, so it could be detected using thermal imaging [1]. Even though mammography and
ultrasound are frequently used clinical protocols to detect and provide a diagnosis of breast cancer,
other techniques, such as clinical examination and thermography, are also employed to identify breast
cancer. Mammography is considered the standard procedure for detecting breast cancer, yet it is less
effective for recognizing tumors in dense breasts. For instance, it is less sensitive in detecting tumors
in woman with dense breast tissue and implants, there is a risk of rupture of tumors encapsulation (as
the process of taking a mammogram involves the compression of the breast tissue) and also, confers a
slightly increased risk of causing radiation induced breast cancer. Thermal imaging has the potential to
be a noninvasive and effective technique for early breast cancer screening (see e.g. [2, 3, 4]).
A combination of therapies that incorporates thermography may boost both sensitivity and speci-
ficity. In several works, the temperature distributions over breasts with and without tumors have been
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studied, wherein heat transfer in the biological tissue is modeled using Pennes bioheat equation [? ].
For instance, There exist recent works dealing with heat transfer in complex multiscale tumors, such
as [5], [6] and [7]. In [7] the authors take into account the heterogeneity of the tumor and studied its
influence on the breast surface temperature for a particular two-dimensional cross-section geometry. In
the present work, we generalize the results given in [7] by introducing a three-dimensional model for
the cancerous tissue.
2. Statement of the problem
We will work with a three-dimensional breast geometry. The healthy breast will be represented
by three homogeneous tissues: glandular, muscle and fat tissues represented by Ωg, Ωm and Ωf ,
respectively with Lipschitz boundary ∂Ω = ∂Ωn ∪ ∂Ωd, being ∂Ωn and ∂Ωd the muscle and fat
external boundaries, where ∂Ωn∩∂Ωd = ∅ (see Fig. 1). On the other hand, the cancerous tissue will be
characterized by two regions of dissimilar thermal properties: the tumoral area (Ωεt ) and the glandular
area (Ωεg). In this sense, the cancerous region will consist of a periodic microstructure associated with
the open, bounded, and connected domain Ωε = Ωεg ∪ Ωεt ∪ ∂Ωεg with Lipschitz boundary ∂Ωε = ∂Ωεg
and with Ωεg ∩ Ωεt = ∅. Hence, the cancerous breast is represented by Ω = Ωf ∪ Ωm ∪ Ωg ∪ Ωε (Fig.
1). Moreover, let ε > 0 be the size of the microstructure and y = x/ε the fast scale coordinate. The
microscopic periodic cell is denoted with Y. The portion of the glandular tissue contained in Y is
indicated by Yg, while Yt represents the inclusions (conformed by a cylinder, a disc, a sphere, an
ellipsoid, and three orthogonal fibers) in Y, with Lipschitz boundary ∂Yt such that Y = Yg ∪Yt∪ ∂Yt,
with Y¯t ⊂ Y and Yg ∩ Yt = ∅. It is also assumed that Ωεg is connected and that the inclusions do not
intersect the boundary ∂Ωεg. In previous works, soft tissues assume to present this type of arrangement.
Figure 1: Decomposition of the macroscopic three-dimensional domain (left) and the corresponding unit periodic cell
(right).
The following bioheat transfer equations (Pennes, 1948) provides a way to model the stationary
temperature fields u and uε
(P p) − ∂
∂xi
(
Kpij
∂u
∂xj
)
+ ρbcbω
p
bu = q
p
m + ρbcbω
p
bua in Ωp (1)
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where the sub-index p = f, g,m, ε indicates the region over which every variable is defined. Moreover
ua is the arterial blood temperature, K
p
ij = κpδij denotes the tissues thermal conductivity, ρb is the
blood mass density, cb the blood specific heat capacity, ω
p
b the blood perfusion and q
p
m the metabolic
heat generation for each region Ωp.
Boundary conditions for equation (1) for p = f,m are heat transfer by convection between the
surface of the tissue and the external environment on ∂Ωn and a prescribed temperature value on ∂Ωd.
−Kpij
∂u
∂xj
ni = h(u− ue) in ∂Ωn (2)
u = uc in ∂Ωd (3)
In (2), uc is the temperature at the boundary between breast and chest, ue is the surrounding temperature
and h represents the combined effective heat transfer coefficient due to convection, radiation and
evaporation of 13, 5W/m◦C [8]. Also, we consider an ideal contact between the glandular and
tumorous tissue, so that we prescribe heat and temperature continuity on ∂Ωε and ∂Ωg. Moreover, for
the case of p = ε continuity conditions for temperature and heat flow are imposed on Γε (boundary
between the glandular tissue Ωεg and the tumor inclusions Ω
ε
t ), i.e.,
JuεK = 0 on Γε, (4)
JKεij ∂uε∂xj niK = 0 on Γε, (5)
where the operator J·K indicates denotes the jump across the interface between the constituents in the
heterogeneous region.
Besides, the rapidly oscillating coefficients Kεij, ρ
ε
b, c
ε
b, ω
ε
b and q
ε
m are defined as follows
Kεij(x) =
{
κgδij, x ∈ Ωεg,
κtδij, x ∈ Ωεt ,
ωεb(x) =
{
ωgb , x ∈ Ωεg,
ωtb, x ∈ Ωεt ,
qεm(x) =
{
qgm, x ∈ Ωεg,
qtm, x ∈ Ωεt .
(6)
3. Two-Scale Asymptotic Homogenization
Here, the two-scale asymptotic homogenization technique ([9, 10] is applied to find the homoge-
nized solution of Eq. (1) for p = ε. Specifically, an asymptotic expansion of uε is sought as a function
of ε for ε→ 0, namely
uε(x) = u(0)(x, y) + εu(1)(x, y) + ε2u(2)(x, y) + . . . (7)
It can be verified that u(0) does not depends on the fast variable, i.e. u(0) = u(0)(x). Furthermore,
u(1)(x, y) can be written as u(1)(x, y) = χl(y)
∂u(0)(x)
∂xl
, where χl(y) is periodic in y. In particular, the
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vector function χ(y) satisfies the following unit cell problem
− ∂
∂yi
(
Kij(y)
∂χl(y)
∂yj
+Kil(y)
)
= 0 in Y\Γ, (8)
JχlK = 0 on Γ, (9)s(
Kij(y)
∂χl(y)
∂yj
+Kil(y)
)
ni
{
= 0 on Γ (10)
and u(0)(x) the solution of the homogenized problem (see for more details Ramirez-Torres et al.
(2017b))
− ∂
∂xi
(
Kˆij
∂u(0)(x)
∂xj
)
+ gˆu(0)(x) = fˆ in Ωε, (11)
u(0)(x) = ug on ∂Ωε, (12)
where
gˆ = ρbcbω
g
b
|Yg|
|Y| + ρbcbω
t
b
|Yt|
|Y| , (13)
fˆ = (qgm + ρbcbω
g
bua)
|Yg|
|Y| +
(
qtm + ρbcbω
t
bua
) |Yt|
|Y| , (14)
and |Yα| with α = g, t represents the volume fraction of the glandular or tumor cell portion, respec-
tively.
The effective constant coefficients Kˆil are given by
Kˆil =
〈
Kij
∂χl
∂yj
+Kil
〉
, (15)
where 〈·〉 = 1|Ω|
∫
Ω
(·) denotes the volume average operator.
3.1. Weak formulations of the homogenized and homogeneous problems
We notice that the numerical solution of the cell problem is found by using COMSOL packages.
However, the solutions homogenized and homogeneous problems are computed via the finite element
method (FEM) by using their weak formulation. In this sense, we follow the approach depicted in
[7, 11] and introduce the weak formulation for each P p (p = f, g,m) as{
Find u˜ ∈ H1d(Ωp) such that
a(u˜, v) = L(v), ∀v ∈ H1d(Ωp),
(16)
where H1d(Ωp) = {u ∈ H1(Ωp) s.t. γ(u) = 0 on ∂Ωdp} and γ denotes the trace operator. Moreover,
a(u˜, v) =
∫
Ωp
Kp∇xu˜ · ∇xvdx+
∫
Ωp
gpu˜vdx+
∫
∂Ωnp
hu˜vdS, (17)
L(v) =
∫
Ωp
fpvdx−
∫
Ωp
gp(R0uc)vdx−
∫
Ωp
Kp∇(R0uc) · ∇xvdx+
∫
∂Ωnp
h(ue −R0uc)vdS. (18)
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Muscle Gland Fat Tumor
κ(W/m◦C) 0.48 0.48 0.21 0.511
ω(1/s) 0.0009 0.000539 0.0002 0.0108
cb(J/kg
◦C) 4200
ρb(kg/m
3) 1060
qm(Wm
−3) 700 700 400
Table 1: Thermophysical Parameters. The blood density ρb and specific heat capacity cb do not depend on the actual
domain of investigation as they refer to the blood and they are considered constants here.
Furthermore, following a similar analysis the weak formulation of the homogenized problem given by
equations (11) and (12) is {
Find u˜(0) ∈ H1d(Ωε) such that
a(u˜(0), v) = L(v), ∀v ∈ H1d(Ωε),
(19)
where,
a(u˜(0), v) =
∫
Ωε
Kˆ∇xu˜(0) · ∇xvdx+
∫
Ωε
gˆu˜(0)vdx, (20)
L(v) =
∫
Ωε
fˆvdx−
∫
Ωε
Kˆ∇x(R0ug) · ∇xvdx−
∫
Ωε
gˆ(R0ug)vdx. (21)
Proof of existence and uniqueness of solutions to previous problem formulations can be found in [12].
4. Results and discussions
In the present section, we compare the resulting thermal distribution of a cancerous breast with
respect to a healthy one. Furthermore, we show how the position and size of the tumorous region
changes the breast thermal profile. The thermophysical parameters used in this work were taken from
[13, 14, 15, 16] and are reported in Table 1.
In particular, the data presented in Table 1 for the tumor and the glandular tissues refer to the
specific portion that they occupy in the heterogeneous domain Ωε and not to the entire tumor region.
Moreover, temperatures are fixed as ue = ua = 36◦C [14]. The surrounding temperature is fixed
to uc = 26◦C. The metabolic heat value for different tumor sizes follows the law given in [5] as
qtm = C/(468.6ln(100D)+50), where C = 3.27×106 Wday/m3 and D refers to the tumor diameter.
For a 45% of volume fraction the effective thermal conductivity of the heterogeneous tumor inclusion
obtained is κˆ = 0.497 W/m◦C. Moreover, gˆ = 27698 W/m3K and fˆ = 8599200 W/m3K.
In Figure 2, we present the temperature distribution of a cancerous breast (panel on the left) and
a healthy one (panel on the right). We note that, an anomaly on the thermal profile arises with the
presence of a tumor. This phenomenon has been reported by experimental studies. As reported in
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several works (see e.g. [14, 5, 7]) the breast surface temperature increases when the tumor is closer to
its boundary.
Figure 3 do actually shows how the present model is able to infer this phenomenon on the idealized
breast surface. Now, we analyze the temperature difference between normal and cancerous breasts
over the upper surface of the breast.
Figures 4 and 5 show how the tumor depth has a greater influence on the breast thermal profile
than tumor size. These phenomena has also been observed in other studies ([5, 7]).
In addition, in Figure 6 it can be noted that the cancer volume fraction in the malignant region
affects the breast surface temperature. Even though the local problem geometry does not allow to do
an analysis for high volume fractions, it can be seen how, the breast surface temperature increases at
the same time that the glandular portion occupies a smaller domain in the malignant region.
Finally, Figure 7 shows the comparison of the presented model versus the experimental data
reported in [17] where h, d, ua, and uc were fixed to 10 W/m ◦C, 20 mm, 36◦C, 26◦C, respectively.
We note that d refers to the tumorous region’s diameter. For such a comparison, a cross-section of the
breast was taken into account. It can be observed a small quantitatively difference and a very good
qualitative match in the whole interval. Changes in the subcutaneous fat layer and muscle layer, as a
bigger volume fraction in the local problem for the tumorous region homogenization must improve the
result matching.
Figure 2: Breast surface temperature comparison. Breast with tumor (left) and healthy breast (right).
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Figure 3: Thermal field for a breast with a tumor of 10 mm in its diameter at different depths.
Figure 4: Temperature difference between normal and cancerous breasts for different tumor radiuses and depths.
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Figure 5: Maximum temperature difference between normal and cancerous breasts for different tumor radiuses and depths.
Figure 6: Maximum temperature difference between normal and cancerous breasts. The figure shows how the maximum
temperature difference increases for smaller volume fractions of the glandular with respect to the tumor location from the
breast surface.
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Figure 7: Comparison of numerical results from the present model with the experimental data taken from [17].
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5. Conclusions
The present work concerns the analysis of the temperature distribution for cancerous breasts.
The results are obtained via three-dimensional numerical simulations of macroscopic bioheat-type
equations, where the thermal conductivities are computed via solving three-dimensional periodic cell
problems on the tumor microstructure, as prescribed by the asymptotic homogenization approach.
Our results are in substantial agrrement with past works where the analysis was conducted in two
dimensions. However, an important advantage when performing a fully three-dimensional analysis
is the fact that temperature changes can be studied on the whole breast surface, so that the results
are more likely to be significant and relevant in terms of tumor detection. Our analysis is in good
qualitative agreement with the experimental results and focuses on the influence of the position and
size of the cancerous region, as well as the volume fraction of the tumor, on the breast surface thermal
field. Our results suggest that the tumor position affects the temperature maps more than its volume
fraction, and provide a preliminary basis for future three-dimensional studies aimed at providing hints
towards cancer detection. The next natural step is the extension of the present model to more realistic
geometries and physical features, such as the tumor vascularization. Numerical simulations of the
present model extended to vascularized tumors (see also the theoeretical works and their numerical
results reported in [21, 18, 19, 20], respectively, for cancer blood and drug flow maps) will provide
more realistic results in elucidating the role of the microvascualar geometry and functionalities on
cancer temperature maps.
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